J.MIGNOT ET D.RONDOT

Co=pa(x)=mz— mi
C3=ps(x)=mz —3mym, +m3
Ca=pa(x)—3p3(x) = my + 12mym3 — 6mt
—4m,my — 3m3
d’ou:
2 :73 4
@uy=¢expilLC,— % C,— ljé# Cis+ 15—4 Ci—...
et en revenant & la fonction C{,={exp —2inLe, Sb)
Ciy=exp (—2inLSbh{e. > —2n>L*Sh*e}
+4in®L3Sb3e} + $n* L*Sb*et —...).
En ne conservant que les premiers termes du dé-
veloppement en cumulant:
Clny=Af,y +iB,
Afpy~exp (—2r2L*Sb%e + 3n*L*Sb*et +...).
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Calculation of Dynamic Electron Density Distributions
from Static Molecular Wave Functions

By E. D. STEVENS, J. Rys AND P. COPPENS
Chemistry Department, State University of New York, Buffalo, New York 14214, USA

(Received 30 July 1976; accepted 4 October 1976)

A procedure is described for calculating dynamic molecular densities, within the convolution approxima-
tion, from rigid-body translational and librational thermal motions and static wave functions calculated
with Gaussian basis orbitals. Fourier transformation of the librationally smeared wave function is shown
to be equivalent to convolution of the molecular scattering factor with a distribution of orientations of the
scattering vector. The proper thermal parameters to be applied to two-center products are well defined in
this procedure. Static and dynamic molecular deformation densities are plotted for an extended-basis-set
wave function of the azide ion, N3, with rigid-body thermal parameters as determined in the crystal struc-

tures of NaN,; and KNj.

Introduction

Since the electron density distributions determined by
X-ray diffraction are time-averages over the thermal
motion of a crystal, comparison of experimental
results with theoretical densities calculated from
static wave functions requires that either the thermal
motions be deconvoluted from the experimental den-
sities, or the theoretical densities be thermally smeared.

Experimental densities may be deconvoluted (to
some extent) by fitting charge-deformation and thermal-
vibration parameters to the experimental measure-
ments (Hirshfeld, 1976). However, in such a deconvolu-
tion scheme, the uncertainties in the nature of the

charge-density model are introduced into the experi-
mental results. For quantitative comparisons between
theory and experiment, thermal smearing of the
theoretical density appears more desirable and is
considered here.

In the usual X-ray model, the atomic thermal param-
eters are refined assuming independent thermal motion
of the atoms. Within a molecule, however, the motions
are highly correlated. In addition, uncertainty arises in
the correct thermal smearing to be applied to the two-
center products of the molecular wave function.

Since the main part of the thermal motion in a
molecular crystal is due to the translational and
librational external modes, the proper treatment of
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rigid-body motions is of major importance. The
thermal smearing to be applied to two-center orbital
products will be discussed here. The rigid-body libra-
tional and translational parameters can be refined
directly from the data (Pawley, 1972) or fitted to the
individual atomic thermal parameters (Schomaker &
Trueblood, 1968).

Rigid-body smearing has been applied to a wave
function of the acetylene molecule by Ruysink & Vos
(1974). For Gaussian basis orbitals, the application of
translational smearing is straightforward. For libra-
tional motions, however, the expressions are more
difficult to evaluate. The librational smearing applied
to acetylene (Ruysink & Vos, 1974; Ruysink, 1973) is
only valid for small librations. In this work, analytical
expressions are derived which allow rigid-body libra-
tional smearing to be applied to wave functions of
Gaussian orbitals for any finite librations.

Translations and librations

The displacement uy;,, of a point at r, in a rigid molecule
due to libration about an axis @ with a magnitude jw| is
given by

. 0 —w w r

sin w 3 2 !

Wyip = ® w3 0 —w 2
— W3 wq 0 &)

2 2
—wi—-wi oo W
l1—cosw 3 32, 3
w3 W1 (03 —CU%—‘(D%

r
X "2)(1)
rs

where w,,w,,w; and ry,r,,r;3 are the components of
o and r. Expression (1) is exact for any finite libration
(Schomaker & Trueblood, 1968).

The static density o(r) corresponding to a wave func-
tion of molecular orbitals ¢(r) is, for a closed-shell
system, given by

N N
oM)=2) ¢iNeir)=23 3 CiCiur 1)y (r—rs) (2)

i ouv

where N is the number of occupied orbitals, the C,; are
the molecular orbital coefficients, and the y,(r) are
basis orbitals. The dynamic molecular density g4,4(r) is
obtained by a convolution of the static density with the
probability distribution function P(u) for a displace-

ment u.
Qdyn(r) = J

Both translational and librational motions are assumed
here to be harmonic and the correlations between
translation and libration (the screw tensor S) are

o(r —u)P(u)du. 3)
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assumed to be zero. When the wave function is com-
posed of Gaussian basis functions, convolution with
the translational distribution function is easily per-
formed (Stewart, 1968), since the displacements are
identical for all orbital products in the molecule.

Calculation of the smeared density due to libration,
however, is more difficult since one needs to evaluate
the convolution

Qup(r) = J_ o(Rr)P(w)do (4)

with (in the harmonic approximation)
P(0)=2n) L7} exp(—0'L o),  (5)

where L is the tensor describing the mean square
amplitudes of libration of the molecule. R is the rota-
tion matrix corresponding to the rotation  such that
Rr=r+uy,.

Ruysink & Vos (1974) were able to obtain an
approximate analytical expression for (4) by assuming
small librations (w;w,=0, sin w=w). Exact expres-
sions can be obtained for the librational smearing by
considering the Fourier transform of the smeared
density. The coherent scattering factor for the librating
molecule is given by

fub<h)=r

— @0

onin(r) exp (27ihTr)dr. (6)

Since R~ ! =RT7, one obtains from expression (4)

Sin(h)= Jjg(Rr) exp (2nth"R"Rr)drP(@)do. (7)

Substituting r' =Rr gives

flib(h)=Jjg(r’) exp [27i(Rh)]dr' P(w)de  (8)
with dr’'=dr, since R is unitary and

flib(h) = J

where f(h) is the static molecular scattering factor.
Thus, the dynamic scattering factor may be obtained
by convolution of f(h) over the distribution of orienta-
tions of h with respect to the molecule.

For s-type Gaussian basis orbitals centered at r,
and ry, the product

1D xp(t)=exp (— Alr —r,*) exp (— Bir —r5|*) (10)
can be reduced to a single center

1eO0)=exp [ — (A + B) Ir =]
AB s
xexp(—A+Blra—rb|> (11)

where the ‘center of density’ r, is given by
r.=(Ar,+ Br,)/(A+ B).

@

f(Rh)P(w)do 9)

— @0

(12)
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The molecular scattering factor for s-type basis or-
bitals is given by
stal(h) C ij

o)

Xa(D)25(r) exp 2nihr)dr

- 2 T 3/2
| )(A+B)

AB
= CaCb eXp (- m |l'a
2 2
b ) exp (2nihr,) (13)

Xex"( A+B

where the C, and C, include the molecular orbital
coefficients and normalization factors. The only term
in (13) which depends on the direction of h is
exp (27nihr,). Substituting (13) into (9) and using

(Rh)Tl' = hTRTl' = th' - (Rh)T““b

where uy;, is the displacement due to libration, gives for
the librationally averaged temperature factor:

dyn J fslat(Rh)P (D)d(l)
slm(h)J exp [ —2ni(Rh)"uf;, |P(@)de  (14)

where the superscript ¢ indicates that the displacement

is for the point r.. Note that the integral in (14) is the

librational temperature factor multiplied by the

static scattering factor. The librational temperature

factor, derived by Pawley & Willis (1970), is given by
exp (2nihTu)P(0)dw

=exp {2nih (—3Q, —4Q3)r +... +...
(first cumulant)

+4n2h%(_%92r§_%93r%)+... +...
+412hyhy(Qrar3)+ ...+ ..

(second cumulant)

+8m%ih3[(23r3 + Q3rdir ] +... + ...

+8n3ihih,[Q3(3r3 — 1))

(2,925 —Q3Q, +2,Q2,)5r3 2 +... + ...

+8nih3hs[Q3(Lr —r?)

(2205 + Q321 — Q1243 ]rs oot

4873y hoha[ —(QyQ4 + Qa2 + 21 Qo)1 1215 ]}
(third cumulant) (15)

where Q,,Q,,Q; are the diagonal elements of the
librational tensor after a transformation of the coor-
dinates to diagonalize L, and h,,h,,h; and ry,r,,75 are
the components of h and r, in the transformed system.

Thus, the correct librational motion to assign to the
two-center product, yx.(r)xs(r), is the motion of the
center of density r. as defined in (12). For Gaussian
lobe basis functions in which p-type and higher basis
functions are constructed from s functions displaced
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from the nuclei (Whitten, 1966), (14) can be applied
to the entire wave function.
For Gaussian basis functions of the type

Xar)=(x —X)"(y = y,)"(z — z,)” exp (= Alr —r,|*)  (16)
the scattering factor for a two-center product is given
by (Miller & Krauss, 1967)

7a()x(r) exp (2ihTr)dr

f slat CaCbJ‘

AB a \3¥?
=CaCbeXP[ A+B( rb)2:|<A+B)

71:2|h|2
XX\ T UTB

oo}

x exp 2rthTr)F% y(hy)FL, o(hs)FZ, o) (17)
where
Fiyh)=Y (’"") (xe—x)" " Y (’") (xe— )™
u=0\ U v=o0\ Y

8 i ‘“’”H nhy
2(A+B)1/2 ptv (A+B)1/2

and the H,(x) are Hermite polynomials of order m.

Because of the additional dependence of h, when
(17) is substituted into (9) the static scattering factor
cannot be factored out as it was for the s,s product in
(14). For example, for the product p,,s,

* i H nh’ x—x
X)_o|24+B) 2T A+B)E) T

x exp [27i(Rh)r. ] P(w)dw (18)
hy
where h'=R ( 0) .

0

Let X

AB
Ka.b(hz) =C,Cpexp ( A+ B +B rs rbl)
o 3/2 nZ[hIZ
><<A+B> exp(_A+B)

for convenience. Using a series expansion for (sin w)/w
and (1 —cos w)/w? in (1) gives
h’ = h 1 - %w%h 1

+iwwah, +iwiwshs+ ...

—wshy +woh; —swih,

(19)
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With H,(x)=2x, one obtains for (18),

on = fé}sj exp (—2nihTuf) P(w)de

~Kaall?) j o, <(7’fﬁ—,3))

x exp (—2nihTu,)P(@)de

+K o) J s ((—A’i‘—B))

x exp (—2nihTuf,) P(@)do —.... (20)

Note that the first term in (20) is the same as (14).
The remaining terms may be considered as corrections
(normally small) which account for the change of
orientation of the basis orbitals with libration. Expres-
sions for these integrals are similar to (15) and can be
derived in the same manner. In the derivation, terms of
order " with n>2 have been neglected.

The smeared density is obtained from the total
dynamic molecular scattering factor by the usual
Fourier transform

Quso®) = 37 3 aynlh) exp (~ 2mhTr).

Since a finite number of terms are included in the
summation, Qq4,,(r) will include series-termination
error. This is desirable, however, for comparison with
experimental densities which also include series-
termination errors.

(21

Internal modes

The density averaged over the internal vibrational
modes, in the Born—-Oppenheimer approximation, may
be obtained from

Qinl(r)ZJ\Q(r,RI’RZ, . "’RN)
x P(Ri,R,,...,Ry)dR,R,, ..., Ry (22)

where P(R;,...,Ry) is the distribution function for the
R,,...,Ry nuclear position vectors. Evaluation re-
quires calculating the wave function at a large number
of internuclear geometries.

When the wave function is available at only the
equilibrium geometry, further approximations must
be considered. It has been found (Coulson & Thomas,
1971) in the evaluation of (22) for the H, molecule that
density near the nucleus follows the nuclear motions
and thus would be well approximated by a convolution

Qindr)= J o(r —u)P(u)du.

The convolution approximation assumes that the
wave function does not change as a function of the
nuclear positions. The correct thermal smearing to be
applied to the two-center terms is not obvious in this
approximation, however.

In treating the internal

(23)

modes of acetylene,
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Ruysink & Vos (1974) avoided this problem by em-
ploying the convolution

Oim(r)= J ‘[ XX —1)xp(r — u;)P(u;)P(u ;)dudu; . (24)

Thisapproachhasrecently been criticized by Scheringer
& Reitz (1976) as being inconsistent with the Born—
Oppenheimer approximation since, in the limit of
independent vibrations, it reduces to a smearing of the
individual orbitals rather than the orbital product.
It should be noted, however, that any approach in
which a wave function calculated at a single geometry
is used will be inconsistent with the Born—-Oppen-
heimer approximation. The ultimate criterion for
judging the validity of an approximation should be its
ability to reproduce the results of (22).

As shown above, the correct thermal smearing to be
applied to a two-center product for librational rigid-
body motion is the motion of the center of density
r.. As the motion of r, is obviously also appropriate for
translational rigid-body smearing, it would appear
to be a reasonable approximation for the treatment of
internal vibrations as well. For a product y,(r)y,(r) in
which the nuclei are displaced by u, and u, respectively,
the displacement of the center of density would be

u.=(Au,+ Buy)/(A+ B) (25)
and in the convolution approximation
hl(r)= J.Q"’ *(r —u)P(u,)du,. (26)

Ruysink & Vos (1974) have also considered the
dependence of the normalization factors of the mo-
lecular orbitals on geometry. Rather than include the
normalization factors in the convolution, they used an
average over all geometries. Whether the change in
normalization factors can be ignored, taken as the
average, or must be included in the convolution cannot
be answered without further testing of (24) and (26)
with Born—-Oppenheimer results.

Results

Dynamic densities have been calculated for the azide
ion, N3, from a static molecular wave function and the
librational and translational thermal parameters as
determined in the crystal structures of NaN; and KNj.
The molecular wave function was calculated using an
extended basis set of Cartesian-Gaussian basis or-
bitals as in (16). The rigid-body thermal parameters

Table 1. Rigid-body thermal parameters
NaNj;: Molecular axis along z (3 in space group R3m)
U, (=U,,)=00248 A? Ly, (=L,,)=0047 rad?
=00

Uss =00204 Lys _
KN;: Molecular axis along x, [(1,1,0) in space group I4/mcm],
z along ¢
U,;;=00182 A2 L, =0-0rad?
U,,=00155 L,,=00110
Usys=00240 L33 =0-0062
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Fig. 1. Static deformation density of N3. Contours at 0-10 A3,
negative contours dashed. Large negative contours near the
nuclei have been omitted.

.6021

P

S SunY

-.1021

.0813 X .4187

Fig. 2. Dynamic deformation density calculated with rigid-body
thermal parameters of the N3 ion as found in the crystal structure
of KNj. Contours at 0-05e A3
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used in the calculation are given in Table 1. Details of
the theoretical calculation and comparison with exper-
imental densities will be given elsewhere (Stevens, Rys
& Coppens, 1977a,b).

The internal vibrations have been neglected. Since
the amplitudes of displacement due to the internal
modes are small, their contribution to the total thermal
motion is very small at room temperature (Scheringer,
1972), though their relative importance may increase
when the amplitudes due to external modes are
reduced by cooling of the specimen. In addition, when
the rigid-body thermal parameters have been obtained
from diffraction data, the translational and librational
parameters will include, to some extent, the internal
vibrations.

In Fig. 1, the static difference density

4051t 27

is plotted for the theoretical density of N3 . Molecular
scattering factors of the thermally smeared density are
calculated from (9) at h,k,l values corresponding to
each of the experimental intensity measurements of
NaN; and KN,. The series-terminated dynamic

= Qs!at(mOICCUIe) - Qstat(atoms)

density
AQ4yn = Qayn(molecule) — ggyn(atoms) (28)
is obtained by the Fourier summation
AQ4yn = Z(f S —f o) exp (—27ih"r).  (29)

The result for KNj is plotted in Fig. 2 and for NaN;
in Fig. 3. In both cases the resolution limit, (sin 6/2)my,
is about 1-20 A~

To assess the importance of the higher-order terms
which occur in (9) when the orbital products are not of
the s,s type, as in (20), the calculation on NaNj; has
been repeated neglecting all but the first term in the
orbital product scattering expressions. The dynamic
difference density calculated in this manner is very
close to the correct treatment. The maximum dif-
ference, 003 ¢ A~3, is less than the estimated exper-
imental error. Because of the additional dependence on
o™ for an orbital product of order m, (where m is the
sum of the ! quantum numbers of the atomic orbitals),
the correction terms of higher-order orbital products
are more sensitive to the magnitude of the libration
than the s, s products would be, but are generally small
when the librations are small.

Calculation of the dynamic density has also been
repeated neglecting the first and third cumulant terms
in (15). The differences are again found to be small,
<002 e A™3, provided the same terms have been
neglected in calculating f3,° in (29). Of course, the
extent to which either of these simplications is valid
depends on the magnitude of e, the distance from the
center of libration, and the magnitude of h. The
neglect of higher-order terms will also become more
severé when higher angular terms such as d-orbitals
are more heavily populated.



338

\/ k/
8 Y= 040C00
§
z
8 \f\/\/
-.4000 X 4000

Fig. 3. Dynamic deformation density calculated with rigid-body
thermal parameters as found in NaN;. Contours at 005 ¢ A~3,

Conclusions

We have shown that the time-averaged molecular
electron density distribution for rigid-body librations
can be obtained by a convolution of the molecular
scattering factors with the distribution of orientations
of the scattering vector h. The correct libration am-
plitude to be applied to two-center orbital products
is found to be the motion of the center of density point,
r.. Starting with a static molecular density, the dynamic

Acta Cryst. (1977). A33, 338-340
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density smeared by rigid-body translations and libra-
tions can be obtained for any magnitude of T and L.

The dynamic density obtained in this manner con-
tains series termination effects, but for extended data
sets the effects will be relatively small when the dif-
ference density, 404y, is calculated. In addition, if the
object of calculating the dynamic density is for com-
parison with X-ray diffraction results, which are also
obtained from a finite series, then series-termination
effects may be included in the theory to the same
extent as in the experiment. Although the results given
here are for a linear molecule, the method is applicable
to molecules of general geometry.

Support of this work by the National Science
Foundation is gratefully acknowledged.
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Magnetic Properties of Crystals: An Alternative Method

By T. S. G. KRISHNAMURTY, V. APPALANARASIMHAM AND K. RAMA MOHANA RAO
Andhra University, Waltair, S. India
(Received 10 May 1976; accepted 12 September 1976)

A method, based on the group-theoretical concept of the factor groups contained in a composition series,
of obtaining the number of the constants required to describe a magnetic property in respect of the 90
magnetic point groups is described. The advantage of the method presented here is that one can enumer-
ate simultaneously the constants needed for the description of the magnetic property for all the point
groups involved in a composition series and their magnetic variants. Piezomagnetism is worked out in

detail for one composition series.

1. Introduction

The character method developed by Bhagavantam
(1942) has been successfully applied by Bhagavantam

& Suryanarayana (1949), Bhagavantam & Pantulu
(1964) and Bhagavantam (1966) for enumerating phys-
ical constants needed for the description of various
physical properties in respect of the 90 magnetic sym-



